In this note, we show that if two trees T 1 and T 2 of order at least two are r-equitably k-colorable for r ≥ 1 and k ≥ 3, then all trees obtained by adding an arbitrary edge between T 1 and T 2 are also r-equitably k-colorable.
INTRODUCTION
All graphs in this paper are finite, simple and loopless. Let G = (V, E) be a graph. We denote by |G| its order, i.e, the number of vertices in G. For a vertex v ∈ V , let N (v) denote the set of vertices in G that are adjacent to v. N (v) is called the neighborhood of v and its elements are neighbors of v. The degree of vertex v, denoted by deg (v) , is the number of neighbors of v, i.e., deg(v) = |N (v)|. ∆(G) denotes the maximum degree of G, i.e., ∆(G) = max{deg(v)| v ∈ V }. For a set V ⊆ V , we denote by G − V the graph obtained from G by deleting all vertices in V as well as all edges incident to at least one vertex of V .
An independent set in a graph G = (V, E) is a set S ⊆ V of pairwise nonadjacent vertices. The maximum size of an independent set in a graph G = (V, E) is called the independence number of G and denoted by α(G).
A k-coloring c of a graph G = (V, E) is a partition of V into k independent sets which we will denote by V 1 (c), V 2 (c), · · · , V k (c) and refer to as color classes.
The cardinality of a largest color class with respect to a coloring c will be denoted by M ax c . A graph G is r-equitably k-colorable, with r ≥ 1 and k ≥ 2, if there exists a k-coloring c of G such that | |V i (c)| − |V j (c)| | ≤ r for all i, j ∈ {1, 2, · · · , k}. Such a coloring is called an r-equitable k-coloring of G. A graph which is 1-equitably k-colorable is simply said to be equitably k-colorable.
The notion of equitable colorability was introduced in [8] and has been studied since then by many authors (see [2, 3, 4, 5, 6, 7, 9] ). In [3] , the authors gave a complete characterization of trees which are equitably k-colorable. This result was then generalized to forests in [2] . More precisely, for a forest
This result can easily be generalized to r-equitable k-colorings.
is a forest and r ≥ 1, k ≥ 3 are two integers. Then F is r-equitably k-colorable if and only if k ≥ |F |+r
Suppose F is r-equitably k-colorable for r ≥ 1 and
Clearly, for such a coloring, there are at most α * (F ) + 1 vertices in the color class that contains v. It follows that all other color classes contain at most α * (F ) + r + 1 vertices. Thus 
. By Theorem 1.1, F is equitably k-colorable. Restricting the color classes to V gives an r-equitable k-coloring of F .
In this note, we are interested in a different sufficient condition for a tree to be r-equitably k-colorable. More precisely, given a tree T = (V, E) and an edge e ∈ E such that its removal from T creates two trees T 1 and T 2 of order at least two, we show that if both T 1 and T 2 are r-equitably k-colorable, for r ≥ 1 and k ≥ 3, then T is also r-equitably k-colorable. We also explain why |T 1 |, |T 2 | ≥ 2 and k ≥ 3 are necessary conditions.
A SUFFICIENT CONDITION
Consider a tree T and two integers r ≥ 1 and k ≥ 3. Let c be an arbitrary requitable k-coloring of the vertex set of T such that
Then there may be vertices in T which are forced to be colored with color k. Indeed, if for instance T is a star on (k − 1)r + k vertices, then the vertex v of degree > 1 necessarily belongs to V k (c) and actually V k (c) = {v}. Furthermore, we have |V i (c)| = r + 1 for i ∈ {1, 2, · · · , k − 1}. It turns out that this is no longer true for colors 1, 2, · · · , k − 1, as shown in the following property. Lemma 2.1 Consider an r-equitably k-colorable tree T of order at least two, where r ≥ 1 and k ≥ 3. Also, let be any element in {1, 2, · · · , k − 1}. Then, for any vertex u in T , there exists an r-equitable k-coloring c of T with
Proof:
Suppose the lemma is false. We then clearly have |T | ≥ 3. Let c be an r-equitable k-coloring of T with |V i (c)| ≥ |V j (c)| for all 1 ≤ i < j ≤ k. Among all such colorings we choose one such that, for each t = 1, 2, · · ·
∈ V (c ), a contradiction. Similarly, we must have |V y (c)| > |V z (c)| when > 1 since otherwise we could assign color y to all vertices in V z (c) and color z to all vertices in V y (c), and thus the lemma would hold.
We define F as the subgraph of T induced by
If F is disconnected, we add some edges to make F become a tree T such that no two adjacent vertices have the same color with respect to c; otherwise we set T = F . Let V denote the vertex set of T . Moreover, for q = y or z, we denote q = y +z −q. This implies that q = z if q = y and q = y if q = z. We start by proving the following two claims. Indeed, if such a coloring c exists, then the assumption on c implies |V q (c )| = |V x (c)| > |V x (c )|. Now we can obtain an r-equitable k-coloring c * of T by letting Let vecT be the oriented rooted tree obtained from T by orienting the edges from root u to the leaves. Let us partition the vertices in V x (c) into subsets Hence |V y (c)| or |V z (c)| is larger than or equal to |V x (c)|, a contradiction. Lemma 2.1 allows us to show our main result.
Theorem 2.2 Let T 1 and T 2 be two trees or order at least two. If both T 1 and T 2 are r-equitably k-colorable for r ≥ 1 and k ≥ 3, then a tree T obtained by adding an arbitrary edge between T 1 and T 2 is also r-equitably k-colorable.
